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POINCARE´ DUALITY IN MORAVA K-THEORY FOR
CLASSIFYING SPACES OF ORBIFOLDS
MAN CHUEN CHENG
Abstract. In [6] Greenlees and Sadofsky showed that the classi-
fying spaces of finite groups are self-dual with respect to Morava
K-theory K(n). Their duality map was constructed using a trans-
fer map. We generalize their duality map and prove aK(n)-version
of Poincare´ duality for classifying spaces of orbifolds. By regarding
these classifying spaces as the homotopy types of certain differen-
tiable stacks, our construction can be viewed as a stack version of
Spanier-Whitehead type construction. Some examples and calcu-
lations will be given at the end.
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1. Introduction and statement of results
1.1. Equivariant duality. Manifolds and classifying spaces of groups
are two important classes of spaces. For a closed oriented manifold M ,
Poincare´ duality gives us a simple relation between its homology and
cohomology
H∗(M,Z) ∼= H
m−∗(M,Z).
Poincare´ duality can be viewed as a consequence of the Thom isomor-
phism and the Spanier-Whitehead duality
Σ∞M+ ≃ F (M
−TM , S). (1)
The author is supported by the Croucher Foundation.
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Here F (M−TM , S) denotes the function spectrum of maps from the
Thom spectrum M−TM to the sphere spectrum S.
Classifying spaces of groups, on the other hand, usually have non-
zero integral homology groups in infinitely many degrees and hence
cannot satisfy a duality of the form H∗(BG,Z) ∼= Hm−∗(BG,Z). Nev-
ertheless, they exhibit duality properties with respect to Morava K-
theory.
For each fixed prime p, Morava K-theory is a sequence of homology
theories K(n), n > 0, with coefficient ring K(n)∗ ∼= Fp[vn, v
−1
n ] and
deg vn = 2(p
n − 1). In [14] Ravenel showed that for a finite group G,
the n-th Morava K-theory cohomology ring K(n)∗(BG) has finite rank
over K(n)∗. Later, it was shown in [6] that
K(n)∗(BG) ∼= K(n)
−∗(BG), (2)
which can be regarded as a K(n)-version of Poincare´ duality for BG.
Indeed, it was shown in [9] that theK(n)-localization of Σ∞BG+ is self-
dual in the category of K(n)-local spectra. Strickland [16] showed that
(2) can be obtained using a transfer map for a covering map version
of the diagonal BG → BG × BG. The transfer map, constructed by
equivariant stable homotopy theory, gives a map of spectra
Σ∞(BG× BG)+ → Σ
∞BG+. (3)
Composing this with the collapse map Σ∞BG+ → Σ
∞pt+ = S gives
Σ∞BG+ ∧ Σ
∞BG+ → S, with adjoint
Σ∞BG+ → F (Σ
∞BG+, S). (4)
Taking K(n)-homology gives us the K(n)-self-duality of BG in (2).
In view of the dualities (1) for manifolds and (2) for classifying spaces
of groups, one may ask for a duality theorem for spaces of the form
EG ×G M , where G is a compact Lie group and M is a G-manifold.
For instance, if H is a finite subgroup of G, then M = G/H is a
closed G-manifold and EG ×G M ≃ BH is self dual with respect to
Morava K-theory by (2). In general, suppose G acts on a compact
manifold M smoothly. The action is said to be almost free if it has
finite stabilizers. In such case, one can generalize the result of Ravenel
for classifying spaces of finite groups mentioned above to show that
K(n)∗(EG×GM) has finite rank over K(n)
∗. This finiteness condition
is necessary for EG×GM to satisfy a K(n)-version of Poincare´ duality.
Our main theorem concerns the K(n)-duality of such spaces. Given
such an G-action onM it gives rise to an orbifold with classifying space
EG×GM . See [1] for background on orbifolds. Thus our main theorem
can be viewed as a K(n)-version of Poincare´ duality for classifying
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spaces of quotient orbifolds. It is a conjecture that every orbifold is
equivalent to a quotient orbifold arising from a smooth, almost free Lie
group action on a smooth manifold. See [8] for partial results towards
this conjecture. These suggest that our result covers a large class of
interesting orbifolds.
We introduce a few terminologies for our main theorem. Let G be a
compact Lie group with adjoint representation g and M be a smooth
G-manifold. Consider the G-vector bundles EG×TM → EG×M and
EG×M×g→ EG×M induced by TM → M and the projection. Their
G-orbits are the non-equivariant vector bundles EG×G TM → EG×G
M and (EG×M × g)/G→ EG×G M . For simplicity, we will denote
them by TM and g respectively. The virtual bundle −TM + g defines
a Thom spectrum (EG ×G M)
−TM+g. Our main theorem below says
that this Thom spectrum is the K(n)-dual of the suspension spectrum
of EG×G M .
Theorem 1.1. Let p be a prime and K(n) be the corresponding n-th
Morava K-theory. Let G be a compact Lie group acting on a smooth
m-dimensional closed manifold M . Then the following holds:
(a) There is a map of spectra
λG,M : Σ
∞(EG×G M)+ −→ F ((EG×G M)
−TM+g, S) (5)
which reduces to (1) if G is trivial and (4) if M is a point and G
is finite.
(b) Suppose the G-action on M is almost free. Then the map (5) in-
duces K(n)-duality
K(n)∗(EG ×G M) ∼= K˜(n)
−∗
((EG×G M)
−TM+g)
(c) Suppose in addition to the condition in (b), p > 2, TM is orientable
and the G-actions on both TM and g are orientation preserving.
Then
K(n)∗(EG×G M) ∼= K(n)
m−dimG−∗(EG×G M).
Remark 1.2. (i) Theorem 1.1(c) is a consequence of 1.1(b) by the
fact that K(n)-orientability is the same as ordinary orientability
for p > 2 [15].
(ii) There is a version of K(n)-duality for compact G-manifolds with
boundary
K(n)∗(EG×G M,EG×G ∂M ) ∼= K(n)
m−dimG−∗(EG×G M).
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1.2. K (n) self-duality for Deligne-Mumford stacks. Our map
(5) is motivated by the similarities between the constructions of the
duality maps (1) for M and (4) for BG. To make these similarities
more transparent, we will need the notion of stack, which is a general-
ization of spaces. Both M and BG are the homotopy types of certain
simple stacks, and this setup puts the two spaces on an equal foot-
ing. Indeed, the map (5) can be regarded as the stack version of the
Spanier-Whitehead map. To elaborate this point, we first recall some
important facts about stacks. See [7],[11] for a detailed introduction
on the subject.
Let G be a compact Lie group andM be a smooth G-manifold. They
define a differentiable quotient stack X = [M/G]. If the group action
is almost free, then X is a Deligne-Mumford stack. A differentiable
Deligne-Mumford stack is the same as an orbifold. The dimension
dimX of X is equal to dimM − dimG. Every differentiable stack X
has an associated homotopy type Ho(X), which can be defined in a
functorial way [12],[3]. For quotient stacks, Ho([M/G]) is given by the
Borel construction EG×GM . It is well-defined up to homotopy in the
sense that an equivalence of stacks [M/G] ≃ [N/H ] induces a canonical
weak equivalence
EG×G M ≃ EH ×H N. (6)
There is also a notion of tangent stacks for differentiable stacks. If
X = [M/G] is a Deligne-Mumford stack, its tangent stack TX defines
a vector bundle over Ho(X) = EG×G M , stably equivalent to the vir-
tual bundle TM − g as in theorem 1.1. Hence, the Thom spectrum
(EG ×G M)
−TM+g in (5) represents Ho(X)−TX. Similar to homotopy
type, an equivalence of Deligne-Mumford stacks [M/G] ≃ [N/H ] in-
duces a canonical weak equivalence
(EG×G M)
−TM+g ≃ (EH ×H N)
−TN+h. (7)
We will show that in this situation, λG,M and λH,N as in (5) commute
with the canonical equivalences (6) and (7).
Proposition 1.3. Suppose [M/G] ≃ [N/H ] is an equivalence between
Deligne-Mumford stacks arising from compact Lie group actions on
smooth closed manifolds. Then the maps λG,M , λH,N as in (5) satisfy
the following commutative diagram
Σ∞(EG×G M)+
≃
λG,M
// F ((EG×G M)
−TM+g, S)
≃
Σ∞(EH ×H N)+
λH,N
// F ((EH ×H N)
−TN+h, S),
(8)
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where the vertical weak equivalences are induced by (6) and (7).
Note that if a differentiable Deligne-Mumford stack X admits an
equivalence X ≃ [M/G], then Ho(X) ≃ EG ×G M and homotopically
(5) can be expressed as λX : Σ
∞Ho(X)+ → F (Ho(X)
−TX, S). The
upshot of proposition 1.3 is that λX is a well-defined map of the stack
X, independent of the choices ofG andM , in the sense that the diagram
(8) commutes. As mentioned before, λX can be considered as the stack
version of Spanier-Whitehead map. Analogous to the case of manifolds,
it is obtained from the Pontryagin-Thom construction of the diagonal
map X→ X×X. There is a general Pontryagin-Thom construction for
local quotient stacks due to Ebert and Giansiracusa [4].
In light of Proposition 1.3, the result in theorem 1.1 can be inter-
preted as the following Poincare´ duality for the Deligne-Mumford stack
X = [M/G] in Morava K-theory.
Corollary 1.4. Let p be a prime and K(n) be the corresponding n-th
Morava K-theory. Let X be a Deligne-Mumford stack arising from an
almost free action of a compact Lie group on a smooth closed manifold.
Then the following holds:
(a) There is a map of spectra
λX : Σ
∞Ho(X)+ −→ F (Ho(X)
−TX, S) (9)
which induces K(n)-duality
K(n)∗(Ho(X)) ∼= K˜(n)
−∗
(Ho(X)−TX). (10)
(b) Suppose p > 2 and X is oriented. Then
K(n)∗(Ho(X)) ∼= K(n)
dimX−∗(Ho(X)). (11)
1.3. Intersection theory on stacks. As in the case of Poincare´ du-
ality for manifolds, two consequences of the K(n)-duality of Deligne-
Mumford stacks are the definitions of fundamental class and intersec-
tion product in homology.
Definition 1.5. Let X be an oriented q-dimensional Deligne-Mumford
stack arising from the action of a compact Lie group on a smooth
closed manifold. Let (λX)∗ : K(n)∗(Ho(X)) ∼= K(n)
q−∗(Ho(X)) be the
isomorphism (11) if p > 2 or (10) if q = 0.
(a) TheK(n)-fundamental class of X is defined to be [X] = (λX)
−1
∗ (1) ∈
K(n)q(Ho(X)), the pre-image of 1 ∈ K(n)
0(Ho(X)) under (λX)∗.
(b) The intersection product
∩ : K(n)i(Ho(X))×K(n)j(Ho(X))→ K(n)i+j−q(Ho(X))
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in K(n)∗(Ho(X)) is defined to be the dual of cup product with re-
spect to (λX)∗. More precisely, α∩β := (λX)
−1
∗ ((λX)∗(α)∪(λX)∗(β)).
Since (λX)∗([X]) = 1, the fundamental class [X] acts as identity in
intersection product. A K(n)∗-valued integration homomorphism∫
X
: K(n)∗(Ho(X))→ K(n)∗−q(pt)
can also be defined by evaluating cohomology classes on [X]. It gener-
alizes the integration map Hq(Ho(X);Q)→ Q in the case K(0) = HQ.
Such a Q-valued integration map is used in different areas of mathe-
matics such as Gromov-Witten theory.
A key difference between manifolds and Deligne-Mumford stacks is
that the later possess singularities of finite order. A Deligne-Mumford
stack is pointwisely equivalent to [pt/G] for some finite groupG. There-
fore, in order to understand intersection product, it is interesting to
begin with K(n)∗(Ho([pt/G])) = K(n)∗(BG).
For manifolds, the intersection product in ordinary homology admits
a geometric interpretation for transverse submanifolds. We look for an
analogous statement for stacks defined by finite groups. Submanifolds
can be replaced by subgroups. For the transversality condition, we
propose the following definition.
Definition 1.6. Two subgroups H and K of a finite group G is said
to intersect transversely if HK := {hk|h ∈ H, k ∈ K} = G.
For any subgroup i : H →֒ G, write [BH ] for the image of the funda-
mental class of [pt/H ] under the map i∗ : K(n)0(BH)→ K(n)0(BG).
The following is our intersection formula for transverse subgroups of
G.
Theorem 1.7. Suppose the H,K are transverse subgroups of a finite
group G. Then [BH ] ∩ [BK] = [B(H ∩K)].
The organization of the paper is as follow. Section 2 contains back-
ground materials of equivariant stable homotopy theory from [10]. In
section 3, we recall the basics of Tate spectrum, describe the duality
map in our main theorem and explain the relation between the two.
The proof of the main theorem will be presented in section 4. In section
5, we explain the construction of the duality map in our main theorem
from the viewpoint of stacks and compare it with that of the Spanier-
Whitehead duality of manifolds. Some examples and calculations of
classifying spaces of finite groups will be given in section 6.
POINCARE´ DUALITY IN MORAVA K-THEORY FOR ORBIFOLDS 7
Our work generalizes [6] for classifying spaces of finite groups to
certain Deligne-Mumford stacks; recently, Hopkins and Lurie have ob-
tained a generalization in another direction, replacing BG = K(G, 1)
by a space with finitely many non-zero homotopy groups, all of which
are finite.
Acknowledgements. The content of this paper formed a major part
of the author’s Ph.D. thesis at Stanford University. He would like to
thank his Ph.D. advisor Søren Galatius for his insightful ideas and
patient guidance throughout this project. The author is grateful to
John Greenlees for his helpful suggestions. The author would also
like to thank Haynes Miller for hosting at Massachusetts Institute of
Technology.
2. Recollection from equivariant stable homotopy
theory
The main tool for the proof of our theorems is equivariant stable
homotopy theory. In this section we will recall some basic definitions
and theorems from [10].
Let G be a compact Lie group. We say a real G-inner product
space U is a G-universe if it is a direct sum of finite dimensional G-
representations and contains countably infinite copies of the trivial rep-
resentation and any other irreducible representations it contains. U is
called complete if it contains all irreducible finite dimensional repre-
sentations. For finite dimensional representations V ⊂ W in U , write
W − V = V ⊥ ∩W .
From now on U will be assumed to be a complete G-universe. A
G-spectrum D (indexed over U) consists of a pointed G-space D(V )
for each finite dimensional representation V in U and a based G-map
σVW : Σ
W−VD(V ) → D(W ) for each pair V ⊂ W of those represen-
tations such that the adjoints σ˜V W : D(V )
∼=
→ ΩW−VD(W ) are home-
omorphisms. Here the G-action on ΣW−VD(V ) and ΩW−VD(W ) is
given by diagonal action and conjugation respectively. The basepoint
of each D(V ) is assumed to be G-fixed. The maps σVW are called the
structure maps of D and are required to satisfy σV V = IdD(V ) and a
compatibility condition for each triple V ⊂ W ⊂ Z of finite dimen-
sional representations in U .
A morphism f : D → E between G-spectra consists a collection of
based maps {fV : D(V )→ E(V )}V which commute with the structure
maps of D and E. The category of G-spectra is denote by GSU .
We will also work with G-spectra indexed on the smaller universe
UN , the N -fixed points of U for some normal subgroup N ⊂ G. The
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category of G-spectra indexed on UN is denoted by GSUN . Note that
if N = G then UG ∼= R∞ is G-trivial. G-spectra indexed on this trivial
universe UG are called naive G-spectra.
Let i : UN → U be the inclusion. Evidently there is a functor
i∗ : GSU → GSUN which forgets spaces indexed on representations
V not contained in UN . It has a left adjoint i∗ : GSU
N → GSU .
Also, there is a functor ε∗ : JSUN → GSUN , where J = G/N , which
assigns G-action to D ∈ JSUN via the quotient map ε : G→ J . This
functor has both left adjoint and right adjoint, namely taking N -orbit
and N -fixed point respectively.
GSUN
N-orbit
⇄
ε∗
JSUN JSUN
ε∗
⇄
N-fixed point
GSUN
i∗
⇄
i∗
GSU
Analogous to G-CW complexes, G-CW spectra are spectra which are
built from cell spectra (G/H)+ ∧ S
n, where H ⊂ G is a subgroup and
n ∈ Z. The set of homotopy classes of maps from D to E is denoted
by [D,E]. The following theorem relates homotopy classes of maps of
spectra indexed on different universes.
Theorem 2.1. [10, II, Theorem 2.8] Suppose N is a normal subgroup of
compact Lie group G. Let U be a complete G-universe and i : UN → U
be the inclusion. Let D,E ∈ GSUN with D a N-free G-CW spectrum.
Then i∗ induces a bijection
[D,E]GSUN ∼= [i∗D, i∗E]GSU .
Two important ingredients of equivariant stable homotopy theory in
the proof of our main theorem are the equivariant Spanier-Whitehead
duality (Theorem 2.2) and a generalized Adams’ isomorphism (Theo-
rem 2.3). We will state these results and explain the construction of
the maps involved.
Suppose G is a compact Lie group andM is a closed G-manifold. Let
Q→M be a G-vector bundle such that Q⊕TM is isomorphic to a triv-
ial vector bundle M × V for some finite dimensional G-representation
V . The Thom spectrum M−TM ∈ GSU is defined to be Σ−VΣ∞MQ.
The equivariant version of Spanier-Whitehead theorem states that the
suspension spectrum Σ∞M+ and the Thom spectrum M
−TM are dual
to each other in the category of G-spectra.
Theorem 2.2. [10, III, Theorem 5.1] Let G be a compact Lie group
and M be a closed G-manifold. Then there is a weak equivalence
Σ∞M+ ≃ F (M
−TM , S). (12)
between G-spectra in the category GSU .
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The map (12) can be constructed in the following way which is
slightly different from the construction given in [10]. Let Q → M
be a G-vector bundle such that Q ⊕ TM ∼= M × V for some finite
dimensional G-representation V as above. Consider the composition
M
∆
−→M ×M
1×s
−−→M ×Q
where s : M → Q is the zero section. The normal bundle of this com-
position is the trivial bundle M × V . Pontryagin-Thom construction
gives a based map
M+ ∧M
Q → (M × V )+ = S
V ∧M+.
Since Q⊕ TM ∼= M × V , taking infinite suspension followed by desus-
pension Σ−V gives a map
µ : Σ∞M+ ∧M
−TM → Σ∞M+ (13)
of G-spectra. By further composing with the infinite suspension of
the collapse map M+ → pt+ = S
0 and taking adjoint, we obtain the
equivalence (12).
Another important theorem for us is the following generalization of
Adams’ isomorphism.
Theorem 2.3. [10, II, Special case of Theorem 7.1] Let g be the adjoint
representation of G, ǫ : G → G/G ∼= {1} be the quotient map and
i : UG → U be the inclusion. Suppose D ∈ GSUG is a G-free spectrum.
Then there is a transfer map
τ : i∗ǫ
∗(D/G) −→ Σ−gi∗D (14)
whose adjoint
τ˜ : D/G
≃
−→ (Σ−gi∗D)
G
is a weak equivalence in SUG.
Let us also recall the construction of (14) described in the proof
of [10, II, Theorem 7.1]. To better fit our notation, we replace the
group Γ = G×c G, the semi-direct product defined by the conjugation
action of the first factor on the second one, in their construction by
the isomorphic group G2 via the isomorphism (g, n) 7→ (gn, g). Under
this identification, the normal subgroup Π = 1 ×c G ⊂ Γ and the
map θ, ǫ : Γ → G in their proof becomes G × 1 and the projection
π1, π2 : G
2 → G respectively. Their Γ-space N = G is identified with
the G2-space G′ which has action (g1, g2)g
′ = g1g
′g−12 . We will explain
the construction of the map (14) in terms of G2.
Let U ′ be a complete G2-universe. Then (U ′)G×1 can be regarded as
a complete G-universe U through the identification G2/(G × 1) ∼= G
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induced by the projection map π2. Let i : U
G → U and j : U =
(U ′)G×1 → U ′ be the inclusions.
Let g2 be the G
2-representation π∗2g and
ιG′ : G
′ →֒ W (15)
be a G2-embedding of G′ into a finite dimensional G2-representationW .
We can assume W contains the representation g2 so that W
′ =W −g2
is also a G2-representation. By identifying g with the left invariant
tangent vector fields on G, the tangent bundle TG′ is isomorphic to
the trivial bundle G′ × g2. The normal bundle of ιG′ is the trivial
bundle G′ ×W ′. Applying Pontryagin-Thom construction to ιG′ gives
SW → Σ∞G′+ ∧ S
W ′ , whose desuspension by W is a map
t : S→ Σ∞G′+ ∧ S
−g2 (16)
in G2SU ′. t is called the pre-transfer map.
Let D1 = π
∗
1D ∈ G
2SUG. Since D is G-free, the spectrum i∗D1 ∈
G2SU is (G× 1)-free. By theorem 2.1, there is a bijection
[i∗D1, i∗D1 ∧ Σ
−g2G′+]G2SU
∼= [j∗i∗D1, j∗(i∗D1 ∧ Σ
−g2G′+)]G2SU ′. (17)
Taking smash product of j∗i∗D1 with (16) gives a map
j∗i∗D1 ∧ t : j∗i∗D1 = j∗i∗D1 ∧ S→ j∗i∗D1 ∧ Σ
−g2G′+.
Using the bijection (17), this corresponds to a map
i∗D1 → i∗D1 ∧ Σ
−g2G′+.
The map τ in (14) is the (G× 1)-orbit of it under the canonical iden-
tifications
i∗ǫ
∗(D/G) ∼= (i∗D1)/(G× 1) (18)
and
Σ−gi∗D ∼= (i∗D1 ∧ Σ
−g2G′+)/(G× 1). (19)
3. Tate spectrum and the duality map
3.1. Tate spectrum. As mentioned in the introduction, Greenlees
and Sadofsky proved that the Morava K-theory of the classifying space
of a finite group is self dual [6]. A main ingredient in their proof is the
contractibility of the Tate spectrum of K(n). In this section, we first
recall the definition of Tate spectrum and their results. Secondly we
will define our duality map (5) in theorem 1.1 and relate it to another
Tate spectrum. For a general reference on Tate spectrum, see [5].
Let G be a compact Lie group and U be a complete G-universe.
We will primarily work in three different categories of spectra, namely
GSU , GSUG and SUG. Consider the n-th Morava K-theory spectrum.
It is a non-equivariant spectrum, but can also be regarded as a naive
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G-spectrum with trivial G-action. We use the same notation K(n) to
represent it in both SUG andGSUG. The inclusion i : UG → U induces
the change of universe functor i∗ and i∗K(n) ∈ GSU is a G-spectrum.
Consider the cofiber sequence of pointed spaces
EG+ → S
0 → E˜G. (20)
The first map collapses EG to the non-basepoint of S0. The cofiber
E˜G is homotopy equivalent to the unreduced suspension of EG. Let
X ∈ GSU be a G-spectrum. The collapse map EG+ → S
0 induces a
map
X ≃ F (S0, X)→ F (EG+, X). (21)
The smash product of (20) and (21) gives the following commutative
diagram in GSU
EG+ ∧X

// X

// E˜G ∧X

EG+ ∧ F (EG+, X) // F (EG+, X) // E˜G ∧ F (EG+, X).
(22)
Both rows of (22) are cofiber sequences. The Tate spectrum of X
is defined to be the last term tG(X) = E˜G ∧ F (EG+, X). Since EG
is contractible, the left vertical map, being the smash product of EG+
with the non-equivariant equivalence G-map (21), is a G-equivalence.
Hence, tG(X) is the cofiber of the composite
EG+ ∧X → X → F (EG+, X). (23)
Let g be the adjoint representation of G andM be a closed G-manifold.
Define a map αG,M
αG,M : EG+ ∧ Σ
−gΣ∞M+ ∧ i∗K(n)→ F (EG+,Σ
−gΣ∞M+ ∧ i∗K(n))
by taking X = Σ−gΣ∞M+ ∧ i∗K(n) in (23). By the G-freeness of EG,
theorem 2.3 and Spanier-Whitehead duality,
τ˜ : (EG×G M)+ ∧K(n) ≃ (EG+ ∧ Σ
−gΣ∞M+ ∧ i∗K(n))
G
and
F (EG+,Σ
−gΣ∞M+ ∧ i∗K(n))
G ≃ F (EG+ ∧ Σ
gM−TM , i∗K(n))
G
≃ F ((EG+ ∧ Σ
gM−TM)/G,K(n))
≃ F ((EG×G M)
−TM+g, K(n))
are equivalences in SUG. By taking G-fixed point of αG,M , we get a
map
αGG,M : (EG×G M)+ ∧K(n)→ F ((EG×G M)
−TM+g, K(n)) (24)
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with cofiber tG(Σ
−gΣ∞M+ ∧ i∗K(n))
G.
As we will show in proposition 3.2, (24) is equal to the smash product
of K(n) with the map (5) in theorem 1.1. Therefore, theorem 1.1(b) is
equivalent to the contractibility of tG(Σ
−gΣ∞M+ ∧ i∗K(n))
G. Making
use of the complex orientability of Morava K-theory and the result of
Ravenel that K(n)∗(BG) has finite rank [14], Greenlees and Sadofsky
proved the contractibility of this Tate spectrum in the caseM is a point
and G is finite.
Theorem 3.1. ([6]) For a finite group G, tG(i∗K(n)) ≃ ∗.
The contractibility of the cofiber tG(i∗K(n))
G implies that
αGG,pt : BG+ ∧K(n) ≃ F (BG+, K(n)) (25)
is an equivalence and hence gives the self K(n)-duality of BG by taking
homotopy groups.
3.2. A K (n)-duality map for equivariant manifolds. As men-
tioned in the introduction, Strickland described the construction of (25)
in a slightly different way [16]. Let us recall his construction. Suppose
G is a finite group. Let EG2 and G′, a diffeomorphic copy of G, be G2-
space with action (g1, g2)(x1, x2) = (g1x, g2y) and (g1, g2)g
′ = g1g
′g−12
respectively. The collapse map of G′ to a point induces a covering
map EG2 ×G2 G
′ → EG2 ×G2 pt. Since EG
2 ×G×1 G
′ is contractible
with a free G2/(G× 1)-action, EG2 ×G2 G
′ is homotopically the clas-
sifying space BG. The covering map can be regarded as a homotopy
version of the diagonal map BG → BG2. Let U ′ be a complete G2-
universe and i′ : (U ′)G
2
→ U ′ be the inclusion. Pick a G2-embedding
ιG′ : G
′ →֒ W of G′ into a G2-representation W . The normal bundle
of ιG′ is G
′ ×W . Applying Pontryagin-Thom construction to ιG′ gives
us a map SW → ΣWG′+, whose desuspension by W is a morphism
t : S → Σ∞G′+ in G
2SU ′. This morphism t is the special case of (16)
for finite G. By the G2-freeness of EG2 and theorem 2.1, there exists
a morphism β : Σ∞EG2+ → Σ
∞EG2+ ∧ G
′
+ in G
2S(U ′)G
2
such that
i′∗β = EG
2
+ ∧ t. The G
2-orbit β/G2 is the transfer map
Σ∞(BG× BG)+ → Σ
∞EG2+ ∧G2 G
′
+ ≃ Σ
∞BG+
of (3) in the introduction. Composing this transfer map with the col-
lapse map Σ∞BG+ → S and taking adjoint give us (4). As pointed out
by Strickland in [16], the smash product of K(n) with (4) is the map
αGG,pt of (25).
We now define the map (5) in theorem 1.1. Its construction combines
those of the equivariant Spanier-Whitehead duality (12) and K(n)-
duality map (4) for BG.
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Suppose G is a compact Lie group and U ′ is a complete G2-universe.
Then U = (U ′)G×1 is a complete G-universe. Denote by i′ : (U ′)G
2
=
UG → U ′ and i : UG → U the inclusions of trivial universe. Let G′ be
a copy of G with G2-action (g1, g2)g
′ = g1g
′g−12 . For any G-space or
G-spectrum X , let Xi, i = 1, 2, be the G
2-space or G2-spectrum π∗iX ,
where π1, π2 : G
2 → G be the projection to the first and second factor
respectively.
Let M be a closed G-manifold. Define a G2-equivariant map
∆G,M : G
′ ×M2 →M1 ×M2 (26)
by ∆G,M(g, x) = (gx, x). Pick
(a) a finite dimensional G2-representation W ;
(b) a G-vector bundle Q→ M such that Q⊕ TM = M × V for some
G-representation V ; and
(c) a G2-embedding
ιG,M : G
′ ×M2 →M1 ×Q2 ×W × g2 (27)
over ∆G,M .
For instance, if ιG′ : G
′ → W is an G2-embedding as in (15), we can
take ιG,M to be the map defined by ιG,M (g
′, x) = (g′x, (x, 0), ιG′(g
′), 0).
The stable normal bundle of ιG,M is ∆
∗
G,M(TM1×Q2×W×g2)−(TG
′×
TM2) ∼= (G
′×M2)×V2×W . Applying Pontryagin-Thom construction
to ιG,M followed by Σ
−V2−WΣ∞ gives a morphism
(∆G,M)
! : Σ∞M1+ ∧M
−TM+g
2 → Σ
∞(G′ ×M2)+
in G2SU ′. Since the domain of the smash product EG2+ ∧ (∆G,M)
! is
G2-free, by theorem 2.1, EG2+ ∧ (∆G,M)
! is the image of a morphism
βG,M :Σ
∞(EG1 ×M1)+ ∧ (EG2 ×M2)
−TM2+g
→ Σ∞(EG2 × (G′ ×M2))+
(28)
in G2S(U ′)G
2
under the change of universe functor i′∗ : G
2S(U ′)G
2
→
G2SU ′. On passage to the G2-orbit of βG,M we obtain
βG,M/G
2 :Σ∞(EG×G M)+ ∧ (EG×G M)
−TM+g
→ Σ∞(EG2 ×G2 (G
′ ×M2))+
(29)
in the category S(U ′)G
2
of non-equivariant spectra. Composing (29)
with the collapse map
cG,M : Σ
∞(EG2 ×G (G
′ ×M2))+ → Σ
∞pt+ = S (30)
and taking adjoint, we finally get the map
λG,M : Σ
∞(EG×G M)+ → F ((EG×G M)
−TM+g, S),
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which is defined to be the map (5) in theorem 1.1.
The following proposition relates the map αG,M of (24) with our
duality map λG,M of (5). The special case M is a point and G is finite
was observed by Strickland [16].
Proposition 3.2. αGG,M = λG,M ∧K(n).
Proof. By the definition of αG,M , the adjoint
α˜GG,M : (EG×G M)+ ∧K(n) ∧ (EG×G M)
−TM+g → K(n),
of αGG,M is the G-orbit of a naive G-spectrum morphism
ǫ∗(EG×G M)+ ∧K(n) ∧ (EG×M)
−TM+g → K(n),
whose image under the change of universe functor i∗ : GSU
G → GSU
is the composite
i∗ǫ
∗((EG×G M)+ ∧K(n)) ∧ EG+ ∧M
−TM ∧ Sg
τ∧1
−−−−→ Σ−gi∗(EG+ ∧M+ ∧K(n)) ∧ EG+ ∧M
−TM ∧ Sg
∼=
−−−−→ EG+ ∧ Σ
∞M+ ∧M
−TM ∧ EG+ ∧ i∗K(n)
1∧µ∧1
−−−−→ EG+ ∧ Σ
∞M+ ∧ EG+ ∧ i∗K(n)
c∧1
−−−−→ i∗K(n). (31)
Here τ is the map (14) for the case D = EG+∧M+∧K(n), µ is the map
(13) and c is the collapse map to a point. Recall from the construction
of (14) that to define τ , we identify
i∗ǫ
∗((EG×G M)+ ∧K(n)) ∼= (i∗(EG1+ ∧M1+ ∧K(n)))/(G× 1),
Σ−gi∗(EG+∧M+∧K(n)) ∼= (i∗(EG1+∧M1+∧K(n))∧Σ
−g2G′+)/(G×1)
as in (18) and (19). Similarly, we have the following identifications
EG+ ∧ Σ
∞M+ ∧M
−TM ∼= (EG1+ ∧ Σ
∞M1+ ∧G
′
+ ∧M
−TM
2 )/(G× 1),
EG+ ∧ Σ
∞M+ ∼= (EG1+ ∧G
′
+ ∧ Σ
∞M2+)/(G× 1)
of spectra in GSU = G2/(G× 1)SU ′G×1.
The map µ : Σ∞M+ ∧M
−TM → Σ∞M+ is defined using the Pon-
tryagin Thom construction of the diagonal map ∆M : M → M ×M .
Let
∆′M : G
′ ×M2 →M1 ×G
′ ×M2
be the G2-map given by ∆′M(g
′, x) = (g′x, g′, x). Note that EG1×∆
′
M
is a map between G2-free spaces with (G× 1)-orbit (EG1×∆
′
M )/(G×
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1) = EG × ∆M . Hence, Pontryagin-Thom construction of ∆
′
M and
desuspension induce a morphism
µ′ : Σ∞M1+ ∧G
′
+ ∧M
−TM
2 → G
′
+ ∧ Σ
∞M2+
in G2SU such that (EG1+ ∧ µ
′)/(G × 1) = EG+ ∧ µ. This, together
with the construction of τ given in section 2, imply that the composite
(31) is the (G× 1)-orbit of a morphism
i∗(EG1+ ∧M1+ ∧K(n)) ∧ EG2+ ∧M
−TM
2 ∧ S
g2 → i∗K(n)
in G2SU , whose image under j∗ : G
2SU → G2SU ′ is the composite
j∗i∗(EG1+ ∧M1+ ∧K(n)) ∧ EG2+ ∧M
−TM
2 ∧ S
g2
1∧t∧1
−−−−−→ j∗i∗(EG1+ ∧M1+ ∧K(n)) ∧ Σ
−g2G′+ ∧ EG2+ ∧M
−TM
2 ∧ S
g2
∼=
−−−−−→ EG1+ ∧ Σ
∞M1+ ∧G
′
+ ∧M
−TM
2 ∧ EG2+ ∧ j∗i∗K(n)
1∧j∗µ′∧1
−−−−−→ EG1+ ∧G
′
+ ∧ Σ
∞M2+ ∧ EG2+ ∧ j∗i∗K(n)
c∧1
−−−−−→ j∗i∗K(n). (32)
Here t is the pre-transfer map (16). It is clear that the composite
(1∧j∗µ
′∧1)◦(1∧t∧1) of the first three maps in (32) is the smash product
of EG1+∧EG2+∧ j∗i∗K(n) with a morphism Σ
∞M1+∧M
−TM
2 ∧S
g →
Σ∞(G′ × M2)+ obtained by applying Pontryagin-Thom construction
and then desuspension Σ−V2−W to the composite embedding
G′ ×M2
∆′
−→M1 ×G
′ ×M2
1×ιG′×s−−−−−→ M1 ×W ×Q2 × g2.
The factor ιG′ and s : M2 → Q2 × g2 in the last map is (15) and
the zero section respectively. Note that this composite embedding is
the map ιG,M of (27) defined in the construction of λG,M . Hence, the
composite (1 ∧ µ′ ∧ 1) ◦ (1 ∧ t ∧ 1) in (32) is equal to
EG2+ ∧ (∆G,M)
! ∧ j∗i∗K(n) = j∗i∗βG,M ∧ j∗i∗K(n)
by the definition of βG,M in (28). By theorem 2.1, it follows that
the composite (1 ∧ µ ∧ 1) ◦ (τ ∧ 1) of the first three maps in (31) is
(i∗βG,M/(G×1))∧i∗K(n) and α˜
G
G,M = (cG,M◦(βG,M/G
2))∧K(n), where
cG,M is the collapse map (30). This shows α
G
G,M = λG,M ∧K(n). 
4. Proof of main theorem
In this section we will prove theorem 1.1 about the K(n)-duality of
G-manifolds. We will first show it for G-manifolds of the form G/H ,
H being a finite subgroup of G. The main idea of the proof in these
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special cases is to reduce the K(n)-duality of EG ×G (G/H) to that
of BH by relating the map λG,G/H with λH,pt, which is known to be
a K(n)-equivalence. The K(n)-duality for more general G-manifolds
follows from the special cases by induction on cells.
Let G be a compact Lie group. To simplify notations, we will write
XhG to denote the homotopy orbit EG×GX of a G-space X . Consider
a G-manifold G/H , where H is a finite subgroup of G. Note that G/H
has trivial tangent bundle G/H×g. Hence, the virtual bundle g−TM
over M is zero and we have
αGG,G/H : Σ
∞(G/H)hG+ ∧K(n)→ F ((G/H)hG+, K(n)).
Homotopically (G/H)hG = EG×G (G/H) is the classifying space BH .
Hence, to show that αGG,G/H induces the K(n)-duality of (G/H)hG, we
want to relate it to αHH,pt, which is a weak equivalence by theorem 3.1.
By proposition 3.2, it suffices to compare λG,G/H and λH,pt. To do this,
we consider G as a (G × H)-manifold with action (g, h)x = gxh−1.
Then G/(G×1) ∼= pt as H-spaces and G/(1×H) ∼= G/H as G-spaces.
It allows us to relate the two maps using λG×H,G.
Consider ∆G×H,G and ∆G,G/H as defined by (26) and the maps πG′×
πG/H : G
′ × H ′ × G2 → G
′ × (G/H)2 between their domains and
π2G/H : G1 × G2 → (G/H)1 × (G/H)2 between their codomains. Both
πG′ × πG/H and π
2
G/H are equivariant with respect to (G× H)
2 → G2
and induce diffeomorphisms
(G′ ×H ′ ×G2)/(1×H)
2 ∼= G′ × (G/H)2 (33)
and
(G1 ×G2)/(1×H)
2 ∼= (G/H)1 × (G/H)2. (34)
The two ((G × H)2/(1 × H))-spaces can thus be identified with the
corresponding G2-spaces. Under these identifications, ∆G×H,G/(1×H)
2
is ∆G,G/H and so (EG
2×∆G×H,G)/(G×H)
2 becomes EG2×G2∆G,G/H =
(∆G,G/H)hG2.
Similarly, The maps πH′ : G
′×H ′×G2 → H
′ and π2pt : G1×G2 → pt
are equivariant with respect to (G × H)2 → H2 and enable us to
identify ∆G×H,G/(G× 1)
2 with ∆H,pt and (EH
2 ×∆G×H,G)/(G×H)
2
with EH2 ×H2 ∆H,pt = (∆H,pt)hH2.
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Under these identifications, the equivariant maps discussed above
induce the following commutative diagram
(G′ × (G/H)2)hG2
∆G,G/H
// ((G/H)hG)
2
(G′ ×H ′ ×G2)h(G×H)2
∆G×H,G
//
πG′×πG/H
OO
πH′

(Gh(G×H))
2
π2
G/H
OO
π2pt

H ′hH2
∆H,pt
// pthH2
(35)
on homotopy orbits. Here, we use the same symbol to represent an
equivariant map and its induced map the homotopy orbits. Note that
all the vertical maps are weak equivalences since they can be expressed
as the (G × H)2-orbits of non-equivariant weak equivalences between
(G×H)2-free spaces. For instance, πG′ × πG/H is the map
(EG2 × EH2)×(G×H)2 (G
′ ×H ′ ×G2)
→ EG2 ×(G×H)2 (G
′ ×H ′ ×G2)
= EG2 ×G2 ((G
′ ×H ′ ×G2)/H
2)
= EG2 ×G2 (G
′ × (G/H)2)
induced by the projection EG2×EH2 → EG2. Also, the three horizon-
tal maps of diagram (35) are finite covering maps. The middle one can
be regarded as the pullback of the top one along π2G/H or the bottom
one along π2pt. The maps βG,G/H/G
2, βG×H,G/(G ×H)
2 and βH,pt/H
2,
which are stable maps in the reversed directions as defined by (28) and
(29), can be considered as the associated transfer maps of these three
covering maps. They satisfy the following Mackey property.
Proposition 4.1. The following diagram
Σ∞((G/H)hG)
2
+
βG,G/H/G
2
// Σ∞(G′ × (G/H)2)hG2+
Σ∞(Gh(G×H))
2
+
βG×H,G/(G×H)
2
//
≃
OO
≃

Σ∞(G′ ×H ′ ×G)h(G×H)2+
≃
OO
≃

Σ∞(pthH)
2
+
βH,pt/H
2
// Σ∞(H ′ × pt)hH2+
(36)
commutes.
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Proof. To define the maps in the diagram, we have to work in a com-
plete (G × H)2-universe U . The fixed point sets U ′ = U
1×H2
is a
complete G2-universe and U ′′ = U
G2×1
is a complete H2-universe. Let
i′, i′′, i be the inclusion of the trivial universe U0 := (U
′)G
2
= (U ′′)H
2
=
U
(G×H)2
to U ′, U ′′ and U respectively. Also, let j′ : U ′ → U and
j′′ : U ′′ → U be inclusions to U .
Recall that to define βG×H,G, one choose a (G × H)
2-embedding
ιG×H,G over ∆G×H,G as in (27). Since TG = G × g, we can pick Q =
G→ G to be the zero bundle and V = g. Hence,
ιG×H,G : G
′ ×H ′ ×G2 → G1 ×G2 ×W × g2
for some (G×H)2-representation W . Applying Pontryagin Thom con-
struction to ιG×H,G followed by desuspension Σ
−W−g2 yields a morphism
∆!G×H,G : i∗Σ
∞(G1 ×G2)+ → i∗Σ
∞(G′ ×H ′ ×G)+
in (G×H)2SU . The map
βG×H,G : Σ
∞(EG2×EH2×G1×G2)+ → Σ
∞(EG2×EH2×G′×H ′×G2)+
is defined to be a morphism in (G × H)2SU0 such that i∗βG×H,G =
EG2+∧EH
2
+∧∆
!
G×H,G. Its existence and uniqueness up to homotopy are
guaranteed by theorem 2.1 due to the (G×H)2-freeness of its domain.
Note that ∆!G×H,G, and hence βG×H,G, are well-defined, independent of
the choices of W and ιG×H,G. We will make use of this fact and pick
different W and ιG×H,G to relate βG×H,G with βG,G/H and βH,pt.
LetWG be aG
2-representation and ιG : G
′ →WG be aG
2-embedding
of G′. WG can be regarded as a (G× H)
2-representation through the
projection (G×H)2 → G2. To define ∆!G×H,G, one can take W = WG
and ιG×H,G = ι1, where ι1(g
′, h′, x) = (g′x(h′)−1, x, ιG(g
′), 0). Since WG
and g2 are fixed by 1×H
2, They are in the universe U ′. Thus, applying
Pontryagin-Thom construction to ι1 followed by desuspension Σ
−WG−g2
defines a morphism
∆!1 : i∗Σ
∞(G1 ×G2)+ → i∗Σ
∞(G′ ×H ′ ×G)+
in (G×H)2SU ′ with j′∗∆
!
1 = ∆
!
G×H,G.
By theorem 2.1 and the (G×H)2-freeness of EG2 ×G1 ×G2, there
exists a unique homotopy class of morphisms
β1 : Σ
∞(EG2 ×G1 ×G2)+ → Σ
∞(EG2 ×G′ ×H ′ ×G2)+
POINCARE´ DUALITY IN MORAVA K-THEORY FOR ORBIFOLDS 19
in (G×H)2SU0 such that i
′
∗β1 = EG
2
+ ∧∆
!
1. Since
i∗(EH
2
+ ∧ β1) = EH
2
+ ∧ j
′
∗i
′
∗β1
= EH2+ ∧ j
′
∗(EG
2
+ ∧∆
!
1)
= EG2+ ∧ EH
2
+ ∧∆
!
G×H,G,
we have EH2+ ∧ β1 = βG×H,G.
Also, note that under the identifications (33) and (34), ι1/(1 ×H)
2
is a G2-embedding G′ × (G/H)2 → (G/H)1 × (G/H)2 ×WG × g2 over
∆G,G/H . Hence, ∆
!
1/(1×H)
2 = ∆!G,G/H . It follows that
i′∗(β1/(1×H)
2) = (EG2+ ∧∆
!
1)/(1×H)
2 = EG2+ ∧∆
!
G,G/H
and so by theorem 2.1, β1/(1×H)
2 = βG,G/H .
The results above show that βG×H,G/(G×H)
2 = (EH2+∧β1)/(G×H)
2
and βG,G/H/G
2 = β1/(G×H)
2. This proves the commutativity of the
upper half of the diagram in the proposition.
Similarly, suppose ιH : H
′ → WH is a H
2-embedding ofH ′ into a H2-
representationWH , which can be regarded as a (G×H)
2-representation
through (G×H)2 → H2. We takeW =WH and ιG×H,G = (ι2, 0), where
ι2 : G
′ ×H ′ ×G2 → G1 ×G2 ×WH
is given by ι2(g
′, h′, x) = (g′x(h′)−1, x, ιH(h
′)). By applying Pontryagin-
Thom construction to ι2 followed by desuspension Σ
−WH , we can define
morphisms ∆!2 in (G × H)
2SU ′′ and β2 in (G × H)
2SU0 such that
j′′∗∆
!
2 = ∆
!
G×H,G, ∆
!
2/(G × 1)
2 = ∆!H,pt and i
′′
∗β2 = EH
2
+ ∧ ∆
!
2. From
these we can deduce that βG×H,G/(G × H)
2 = (EG2+ ∧ β2)/(G × H)
2
and βH,pt/H
2 = β2/(G×H)
2. The commutativity of the lower half of
the diagram in the proposition follows. 
Using proposition 4.1, we prove the following result about Tate spec-
trum.
Proposition 4.2. Let G be a compact Lie group and Y be a G-CW
spectrum built from cells of the form (G/H)+ ∧ S
k, where H is a finite
subgroup of G. Then the G-fixed point spectrum tG(Σ
−gY ∧ i∗K(n))
G
is contractible.
Proof. Clearly tG(Σ
−gY ∧ i∗K(n))
G is contractible when Y is a point.
By induction, it suffices to prove the statement for the special case Y =
Σ∞(G/H)+, where H is a finite subgroup of G. Since tG(Σ
−gG/H+ ∧
i∗K(n))
G is the cofiber of αGG,G/H , the special case can be proved by
showing αGG,G/H is an equivalence.
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Consider diagram (36) of proposition 4.1. By post-composing the
three horizontal maps with the corresponding collapse maps to a point
and taking adjoint, we obtain the commutative diagram
Σ∞(G/H)hG+
λG,G/H
// F ((G/H)hG+, S)
≃

Σ∞Gh(G×H)+
λG×H,G
//
≃
OO
≃

F (Gh(G×H)+, S)
Σ∞pthH+
λH,pt
// F (pthH+, S).
≃
OO
(37)
By proposition 3.2, the smash product of K(n) with the top horizontal
map and the bottom horizontal map is αGG,G/H and α
H
H,pt respectively.
Since αHH,pt is a weak equivalence, so is α
G
G,G/H by the commutativity
of the diagram. This completes the proof. 
Remark 4.3. Diagrams (36) and (37) are special cases of (44) and
(43) in section 5. From the point of view of stacks, the equivariant
G-space G/H , H-space pt and (G × H)-space G represent the same
differentiable stack X. In each of the diagrams (36) and (37), the three
horizontal maps represent the same map of X homotopically. We will
explain these in more details in section 5.
Our main theorem is an easy consequence of proposition 4.2.
Proof of theorem 1.1. Part (a) is clear from the construction of λG,M
in section 3.2. If the stabilizer subgroup Gx is finite for all x ∈ M ,
then M is a G-CW complex which can be built from cells of the form
Dn×G/H with H a finite subgroup of G. Hence, tG(Σ
−gM+∧i∗K(n))
G
is contractible by proposition 4.2. It follows that αGG,M , whose cofiber
is tG(Σ
−gM+ ∧ i∗K(n))
G, is a weak equivalence. Since λG,M ∧K(n) =
αGG,M by proposition 3.2, this proves part (b). Finally, as pointed out
in the remark, part (c) follows from the fact that K(n)-orientability is
the same as the ordinary orientability for p > 2 [15]. 
5. Duality from the viewpoint of stacks
As mentioned in the introduction, the constructions of the spectrum
maps (1) and (4) underlying the Spanier-Whitehead duality for mani-
folds and K(n)-duality for classifying spaces of finite groups have com-
mon ingredients. Both maps are special cases of λG,M in theorem 1.1.
In this section, we will study λG,M from the point of view of stacks. We
will show that it descends to a map of stack andba can be interpreted
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as the Spanier-Whitehead duality map for differentiable stacks. To do
this we need a version of Pontryagin-Thom map for stacks developed in
[4]. We will first review some basic facts about stacks. A more detailed
introduction on this subject can be found in [7],[11]. For the theory of
homotopy type of topological stacks, see [4] and [12].
5.1. Some basic facts of stacks. Let Diff be the category of smooth
manifolds and smooth maps andGpd be the category of groupoids and
natural transformations. Roughly speaking, a stack is a contravariant
pseudo-functor X : Diff→ Gpd which satisfies sheaf-like properties so
that we can glue compatible objects and morphisms. One can also de-
fine morphisms between stacks and 2-morphisms between morphisms.
They form the 2-category of stacks. Indeed, all the 2-morphisms are
invertible. Two stacks X,Y are equivalent if there exist morphisms
u : X→ Y, v : Y → X such that v ◦ u is 2-isomorphic to 1X and u ◦ v
is 2-isomorphic to 1Y. For simplicity. we will denote 2-commutative
diagrams and 2-pullbacks by commutative diagrams and pullbacks re-
spectively.
By Yoneda embedding, every smooth manifold M defines a stack.
More generally, every Lie groupoid X = [X1 ⇒ X0] gives rise to a dif-
ferentiable stack [X0/X1], where [X0/X1](N) is the groupoid of prin-
cipal X-bundles over N . If X is the action groupoid [G ×M ⇒ M ]
associated to a Lie group action on a smooth manifold, aX-bundle over
N consists of a principal G-bundle P → N and a G-map f : P → M .
The differentiable stack arising from this Lie groupoid [G×M ⇒ M ]
is also denoted by [M/G].
The smooth structure of Lie groupoids allows one to define tangent
stacks for differentiable stacks. For the case X ≃ [M/G], where the
G-action is almost free, the tangent stack TX → X can be described
in terms of a G-vector bundle over M . At each point x ∈ M , the
derivative of the map G → M given by g 7→ gx defines a linear map
g → TxM . This linear map is injective since the G-action is almost
free. By varying x ∈ M , the images of these linear maps form a G-
subbundle of TM . By abuse of notation, we denote this subbundle by
g. The tangent stack TX → X is the G-orbit of the quotient bundle
TM/g→ M .
To discuss the homotopy type of differentiable stacks, we have to
consider stacks defined over the site Top, the category of compactly
generated spaces and continuous maps. Analogous to differentiable
stacks, topological stacks are stacks over Top arising from topological
groupoids. A differentiable stack can be regarded as a topological stack
by neglecting the smooth structure of the associated Lie groupoid. The
22 MAN CHUEN CHENG
homotopy type of a topological stack X is described by a morphism ηX :
Ho(X) → X, where Ho(X) is a topological space and ηX is a universal
weak equivalence in the sense that if Y → X is a morphism from a
space Y , the pullback Ho(X)×XY → Y is a weak equivalence of spaces.
One can define Ho and ζX in a functorial way [4],[12]. Ho([X0/X1]) is
given by BX, the classifying space of X. In particular, if X = [M/G],
Ho(X) = MhG = EG ×G M is the homotopy orbit of M and ζX is
defined by the principal G-bundle EG ×M → EG ×G M and the G-
map π2 : EG×M →M . An equivalence of stacks [X0/X1] ≃ [Y0/Y1]
would induce a canonical weak equivalence of their classifying spaces
BX ≃ BY. We will describe this canonical weak equivalence for the
cases of quotient stacks in section 5.2.
5.2. Proof of proposition 1.3. We first describe the canonical weak
equivalences (6) and (7) in proposition 1.3. Let G,H be compact Lie
groups. Suppose M is a smooth closed G-manifold and N is a smooth
closed H-manifold such that their associated quotient stacks are equiv-
alent. Let X ≃ [M/G] ≃ [N/H ]. The product of the atlases M → X
and N → X is a principal (G×H)-bundle M ×N → X×X. The pull-
back bundle under the diagonal map ∆X : X→ X
2 defines another atlas
P → X, where P is a closed (G×H)-manifold with X ≃ [P/(G×H)].
P also fits into the pullback diagram
P
πN
//
πM

N

M // X
(38)
where the horizontal maps are principal G-bundles and the vertical
maps are principal H-bundles. πM and πN is equivariant with respect
to the projection map G×H → G and G×H → H respectively. The
maps between the corresponding action groupoids satisfy the following
commutative diagram
G′ ×H ′ × P2
πH′×πN
//
πG′×πM
))❘
❘❘
❘❘
❘❘
∆G×H,P

H ′ ×N2
∆H,N

%%❑
❑
❑
❑
❑
❑
❑
G′ ×M2 //
∆G,M

X
∆X

P1 × P2
π2N
//
π2M
((❘
❘❘
❘❘
❘❘
❘
N1 ×N2
%%❑
❑
❑
❑
❑
❑
M1 ×M2 // X
2,
(39)
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where each of its faces is a pullback square. The vertical maps ∆G,M ,
∆H,N and ∆G×H,N are pullback of the diagonal map X → X
2 along
the atlases of M2, N2 and P 2 of X2. The maps between these action
groupoids induce weak equivalences
MhG
≃
←− Ph(G×H)
≃
−→ NhH (40)
between the associated classifying spaces. Note that the maps G′ ×
M → X and H ′×N2 → X of the top square of diagram (39) define two
atlases of X, and their pullback G′×H ′×P is another one. There are
equivalences of stacks
[(G′ ×M2)/G
2]
≃
←− [(G′ ×H ′ × P2)/(G×H)
2]
≃
−→ [(H ′ ×N2)/H
2]
which induce weak equivalences
(G′ ×M2)hG2
≃
←− (G′ ×H ′ × P2)h(G×H)2
≃
−→ (H ′ ×N2)hH2 (41)
of homotopy orbits.
If furthermore, the G-action on M (and hence the H-action on N)
is almost free, then X is a Deligne-Mumford stack. The pullback of
TX→ X along EG×GM → X is the vector bundle EG×G (TM/g)→
EG ×G M . Similarly, we obtain vector bundles EH ×H (TN/h) →
EH×HN and (EG×EH)×(G×H) (TP/g+h)→ (EG×EH)×(G×H)P .
Moreover, the last one is the pullback of the other two along the maps
in (40). These induce weak equivalences
(MhG)
g−TM ≃←− (Ph(G×H))
g+h−TP ≃−→ (NH)
h−TN (42)
between the corresponding Thom spectra.
The maps (40) and (42) are the canonical weak equivalence (6) and
(7) described in the introduction. We now prove that they commute
with λG,M and λH,N as in proposition 1.3.
Proof of proposition 1.3. Let M,N, P be atlases of X as in diagram
(38). To prove proposition 1.3, we will show that the diagram
Σ∞MhG+
λG,M
// F ((MhG)
g−TM , S)
≃

Σ∞Ph(G×H)+
λG×H,P
//
≃
OO
≃

F ((Ph(G×H))
g+h−TP , S)
Σ∞NhH+
λH,N
// F ((NhH)
h−TN , S).
≃
OO
(43)
commutes. Here the vertical maps are induced by (40) and (42). By the
definition of λG,M , the commutativity of (43) is an easy consequence of
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that of the following diagram
Σ∞MhG+ ∧ (MhG)
−TM+g
βG,M/G
2
// Σ∞(G′ ×M2)hG2+
Σ∞Ph(G×H)+ ∧ (Ph(G×H))
−TP+g+h
βG×H,P /(G×H)
2
//
≃
OO
≃

Σ∞(G′ ×H ′ × P )h(G×H)2+
≃
OO
≃

Σ∞NhH+ ∧ (NhH)
−TN+h
βH,N/H
2
// Σ∞(H ′ ×N2)hH2+
(44)
where the left vertical maps are induced by (40) and (42) and the right
vertical maps are induced by (41). The proof of the commutativity of
(44) is similar to that of proposition 4.1. We relate βG×H,P with each of
βG,M and βH,N by picking different data in the construction of βG×H,P .
Let U, U ′, U0 be (G×H)
2-universes, i, i′, j′ be inclusions of universes
and ιG : G
′ →WG be a G
2-embedding as in the proof of proposition 4.1.
Pick a G-vector bundle Q→M such that Q⊕TM is isomorphic to the
trivial bundle M×V for some G-representation V . Then π∗MQ⊕TP
∼=
π∗MQ⊕ π
∗
MTM ⊕ h
∼= P × (V ⊕ h). Let
ι1 : G
′ ×H ′ × P2 → P1 × (π
∗
MQ)2 ×WG × g2,
ιG×H,P : G
′ ×H ′ × P2 → P1 × (π
∗
MQ)2 ×WG × g2 × h2
be given by ι1(g
′, h′, x) = ((g′, h′)x, x, ιG(g
′), 0) and ιG×H,P (g
′, h′, x) =
(ι1(g
′, h′, x), 0). Note that WG, V2 ⊂ U
′. Applying Pontryagin-Thom
construction to ι1 and ιG×H,P followed by desuspension Σ
−WG−V2 and
Σ−WG−V2−h2 respectively yields morphisms
∆!1 : i
′
∗Σ
∞P1+ ∧ (P
−TP+g+h)2 → i
′
∗Σ
∞(G′ ×H ′ × P2)+
in (G×H)2SU ′ and
∆!G×H,P : i∗Σ
∞P1+ ∧ (P
−TP+g+h)2 → i∗Σ
∞(G′ ×H ′ × P2)+
in (G × H)2SU . Clearly j′∗∆
!
1 = ∆
!
G×H,P . By theorem 2.1 and the
(G × H)2-freeness of EG2 × P1 × P2, there exist unique homotopy
classes of morphisms
β1 : Σ
∞(EG1×P1)+∧(EG2×P2)
−TP2+g2+h2 → Σ∞(EG2×G′×H ′×P2)+
βG×H,P :Σ
∞(EG1 × EH1 × P1)+ ∧ (EG2 × EH2 × P2)
−TP2+g2+h2
→ Σ∞(EG2 × EH2 ×G′ ×H ′ ×G2)+
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in (G × H)2SU0 such that i
′
∗β1 = EG
2
+ ∧ ∆
!
1 and i∗βG×H,P = EG
2
+ ∧
EH2+ ∧∆
!
G×H,P . This implies
i∗βG×H,P = EG
2
+ ∧ EH
2
+ ∧ j
′
∗∆
!
1 = EH
2
+ ∧ j
′
∗i
′
∗β1 = i∗(EH
2
+ ∧ β1)
and so βG×H,P = EH
2
+ ∧ β1.
On the other hand, under the identifications
(G′ ×H ′ × P2)/(1×H)
2 ∼= G′ ×M2 and P/H ∼= M
induced by πG′×πM and πM , ι1/(1×H)
2 is a G2-embedding G′×M2 →
M1 × Q2 ×WG × g2 over ∆G,M . It follows that ∆
!
1/(1 × H)
2 = ∆!G,M
and β1/(1×H)
2 = βG,M .
Therefore, βG×H,P/(G×H)
2 = (EH2+∧β1)/(G×H)
2 and βG,M/G
2 =
β1/(G×H)
2. This proves the commutativity of the upper half of the
diagram in the proposition. The commutativity of the bottom half of
the diagram is proved similarly. 
5.3. Stack version of Spanier-Whitehead type construction. As
mentioned in the introduction, proposition 1.3 allows us to interpret
λG,M in (5) as a map λX of the stack X = [M/G]. Indeed, it is also
possible to describe the construction of λG,M in terms of X. We will
look at the construction of λG,M from the point of view of stacks and
compare it with that of the Spanier-Whitehead duality for manifolds.
Recall that the Spanier-Whitehead duality for manifolds arises from
the Pontryagin-Thom maps for diagonal maps of manifolds. In [4]
Ebert and Giansiracusa generalized the construction of Pontryagin-
Thom maps to a certain class of maps between differentiable stacks.
For such a map f : X → Y with stable normal bundle v(f), their
construction yields a map
Ho(Y)→ Ω∞Ho(X)v(f). (45)
We will apply Pontryagin-Thom construction to the diagonal map ∆X :
X → X2 of a differentiable Deligne-Mumford stack X ≃ [M/G]. In
this case, the normal bundle v(∆X) over X is isomorphic to TX ∼=
∆∗X(X × TX), the pullback of the vector bundle X × TX → X
2 along
∆X. By a slight variation of the construction of (45), we define a map
Σ∞Ho(X)+ ∧Ho(X)
−TX → Σ∞Ho(X)+ (46)
of spectra. This map is analogous to (13) in the construction of Spanier-
Whitehead duality for manifolds.
Let X be a differentiable Deligne-Mumford stack. Suppose X ≃
[M/G] for some smooth closed manifold M with an almost free action
by a compact Lie group G. Recall that for a G-space X and i = 1, 2, we
denote by Xi the G
2-space π∗iX , where πi : G
2 → G is the projection
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to the i-th factor. Also, the G2-manifold G′ is a diffeomorphic copy
of G with G2-action (g1, g2)g
′ = g1g
′g−12 . We have atlases M → X
and M1 × M2 → X
2 ≃ [(M1 × M2)/G
2]. The pullback of the atlas
M1 ×M2 → X
2 along the diagonal map ∆X : X→ X
2 is another atlas
G′ ×M2 → X and X ≃ [(G
′ ×M2)/G
2]. There is a pullback diagram
G′ ×M

∆G,M
// M1 ×M2

X
∆X
// X2.
The diagonal map ∆X can be represented by the G
2-orbit of the map
∆G,M : G
′×M2 →M1×M2. Unlike the case of manifolds, this diagonal
map ∆X is not an embedding in general. Nevertheless, since M and
G′ can be embedded into a G-representation and G2-representation
respectively, X can be embedded into a vector bundle of X2 over ∆X as
we will describe below.
Suppose ιG,M : G
′×M2 →M1×Q2×W×g2 is theG
2-embedding (27).
It has normal bundle (G′ ×M2) × V2 ×W . By tubular neighborhood
theorem, there exists a G2-map
ηG,M : (G
′ ×M2)× V2 ×W → M1 ×Q2 ×W × g2
which embeds the normal bundle of ιG,M as an open subset of M1 ×
Q2×W × g2 with zero section being ιG,M . Let Q→ X,V→ X, g→ X
be the G-orbit of Q → M,M × V → M,M × g → M respectively
and W → X2 be the G2-orbit of W → M1 ×M2. On passage to the
G2-orbit of ιG,M we obtain an embedding ιX : X → Q2 ⊕W ⊕ g2 over
∆X with normal bundle ∆
∗
X(V2⊕W)→ X. The G
2-orbit of ηG,M gives
a tubular neighborhood ηX : ∆
∗
X(V2 ⊕W) → Q2 ⊕W⊕ g2 of ιX. The
G2-equivariant maps ∆G,M , ιG,M and ηG,M descend to morphisms of
stacks which satisfy the following commutative diagram
∆∗X(V2 ⊕W)

 ηX
// Q2 ⊕W⊕ g2

X
∆X
//
ιX
44✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐
s
OO
X2.
(47)
The homotopy type of X2 is represented by an universal weak equiv-
alence ζX2 : Ho(X
2) → X2. The pullback of ζX2 along ∆X is another
universal weak equivalence and can be regarded as the homotopy type
ζX : Ho(X) → X of X. By taking pullback along ζX2, we obtain a
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commutative diagram
ζ∗X∆
∗
X(V2 ⊕W)

 Ho(ηX)
// ζ∗X(Q2 ⊕W⊕ g2)

Ho(X)
Ho(∆X)
//
Ho(ιX)
44✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐
OO
Ho(X2)
of spaces from (47). The open embedding Ho(ηX) defines a based map
Ho(X2)Q2⊕W⊕g2 → Ho(X)∆
∗
X
(V2⊕W)
between the two Thom spaces. Note that TX ⊕ g ⊕ Q = V. Hence,
a twisted version of desuspension by the vector bundle V2 ⊕W → X
2
yields (46). The map βG,M/G
2 in (29) is a homotopy representative
of (46) arising from X ≃ [M/G]. Diagram (44) shows the explicit
canonical weak equivalence between βG,M/G
2 and another representa-
tive βH,N/H
2 of (46) arising from X ≃ [N/H ].
By further composing (46) with the collapse map Σ∞Ho(X)+ → S
and taking adjoint, we obtain
λX : Σ
∞Ho(X)+ → F (Ho(X)
−TX, S),
which is the map (9) in corollary 1.4. For the case where X is a man-
ifold, the construction of λX described above reduces to that of the
classical Spanier-Whitehead duality.
6. Some examples on finite groups
In this section we look at the K(n)-duality of stacks defined by finite
groups. In section 6.1 we study the relation between the K(n)-duality
of a finite group with that of its subgroups and prove theorem 1.7.
Some calculations of the intersection product and K(n)-fundamental
class of cyclic p-groups will be given in section 6.2.
6.1. Proof of theorem 1.7. First let us fix our notations. Let i : H →
G be an inclusion of finite groups. The same symbol i is also used to de-
note the induced morphisms [pt/H ]→ [pt/G] of stacks, BH → BG of
homotopy types and Σ∞BH+ → Σ
∞BG+ of spectra. The transfer map
Σ∞BG+ → Σ
∞BH+ and its induced map K(n)∗(BG) → K(n)∗(BH)
will both be denoted by i!. We write λH : Σ
∞BH+ −→ F (Σ
∞BH+, S)
for the map (9) in theorem 1.4 for the case X = [pt/H ]. Recall from
definition 1.5 that the K(n)-fundamental class of [pt/H ] is defined to
be the pre-image of 1 under (λH)∗ : K(n)∗(BH) ∼= K(n)
−∗(BH). Let
[BH ] denote both the K(n)-fundamental class of BH in K(n)0(BH)
and its image in K(n)0(BG) under i∗.
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Next, we look at intersection of subgroups. Recall from definition
1.6 in the introduction that two subgroups H and K of a finite group
G are said to intersect transversely if HK := {hk|h ∈ H, k ∈ K} = G.
Lemma 6.1. Let G be a finite group and H,K be subgroups of G. The
following are equivalent:
(i) H,K intersect transversely;
(ii) |H||K|/|H ∩K| = |G|;
(iii) The quotient map π : G/(H ∩K) → G/H × G/K is an isomor-
phism of left G-sets.
Proof. We will show each of (i) and (ii) is equivalent to (ii) by counting
argument. To show (i)⇔(iii), let H × K acts on HK by (h, k)x =
hxk−1. It is clear that it is a transitive action with the stabilizer of
e ∈ HK equals to {(a, a−1)|a ∈ H∩K}, which has cardinality |H∩K|.
Hence, |H||K|/|H ∩K| = |HK|. As a result, HK = G if and only if
|H||K|/|H ∩K| = |G|.
For (ii)⇔(iii), it is clear that π is injective. Hence, π is a bijection,
and hence an isomorphism of G-sets if and only if |G/(H ∩ K)| =
|G/H ×G/K|. The last condition is equivalent to (ii). 
An important tool for us is the Mackey property. Let π : P → Y be
a finite covering. Consider f : X → Y and the pullback diagram
f ∗P
g
//
f∗π

P
π

X
f
// Y
The Mackey property states that the diagram
Σ∞(f ∗P )+
Σ∞g+
// Σ∞P+
Σ∞X+
Σ∞f+
//
(f∗π)!
OO
Σ∞Y+
(π)!
OO
commutes.
We will mainly apply the Mackey property to covering maps arising
from inclusions of subgroups of finite groups.
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Proposition 6.2. Suppose H and K are transverse subgroups of a
finite group G. Then there is a pullback diagram
[pt/(H ∩K)]
p
//
q

[pt/K]
j

[pt/H ]
i
// [pt/G]
with all the maps in it are induced by inclusions of groups. There is
also a commutative diagram of spectra
Σ∞B(H ∩K)+
p
// Σ∞BK+
Σ∞BH+
i
//
q!
OO
Σ∞BG+
j!
OO
Proof. The map i : [pt/H ] → [pt/G] and j : [pt/K] → [pt/G] is the
G-orbit of G/H → pt and G/K → pt respectively. Hence, we have
[pt/H ]×[pt/G] [pt/K] ≃ [(G/H ×G/K)/G]. By lemma 6.1, it is equiv-
alent to [(G/(H ∩ K))/G] ≃ [pt/(H ∩ K)]. It is easy to see p, q are
induced by inclusions. The commutativity of the second diagram fol-
lows from the first diagram and Mackey property. 
The Mackey property can be used to show the relation between λG
and λH for H ⊂ G.
Proposition 6.3. Suppose H is a subgroup of a finite group G and
i : H → G is the inclusion. Then there is a commutative diagram
K(n)∗(BH)
(λH )∗
// K(n)−∗(BH)
K(n)∗(BG)
i!
OO
(λG)∗
// K(n)−∗(BG)
i∗
OO
In particular, i!([BG]) = [BH ].
Proof. Consider the following commutative diagram of group monomor-
phisms and its induced diagram on classifying spaces
H
i
//
(i,1)

G
∆G

G×H
1×i
// G×G
BH
i
//
(i,1)

BG
∆G

BG× BH
1×i
// BG×BG
Since G × H,∆G(G) are transverse subgroups of G × G, proposition
6.2 implies that the second diagram is a pullback diagram. Also, the
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left vertical map of the first diagram is equal to the composite H
∆H−−→
H ×H
i×1
−−→ G ×H of monomorphisms. Hence, (i, 1)! = ∆!H(i × 1)
! =
∆!H(i
! × 1). By the Mackey property, there is a commutative diagram
Σ∞BH+
i
// Σ∞BG+
Σ∞BH+ ∧ Σ
∞BH+
∆!H
OO
Σ∞BG+ ∧ Σ
∞BH+
i!×1
OO
1×i
// Σ∞BG+ ∧ Σ
∞BG+
∆!G
OO
(48)
Return to the diagram in the proposition and consider the two com-
posites in it. The map (λH)∗i
! is obtained from the composite
Σ∞BG+ ∧ Σ
∞BH+
∆!H (i
!×1)
−−−−−→ Σ∞BH+
ǫH−→ S
by taking adjoint and K(n)-homology. Similarly , the other map
i∗(λG)∗ is obtained from the composite
Σ∞BG+ ∧ Σ
∞BH+
∆!G(1×i)−−−−−→ Σ∞BG+
ǫG−→ S
by the same procedure. By the commutative diagram (48) and the fact
that ǫGi = ǫH , the two maps Σ
∞BG+ ∧Σ
∞BH+ → S above are equal,
so are (λH)∗i
! and i∗(λG)∗.
The last part of the proposition follows easily from the commutativ-
ity of the diagram in the proposition:
i!([BG]) = (λH)
−1
∗ i
∗(λG)∗([BG]) = (λH)
−1
∗ i
∗(1) = (λH)
−1
∗ (1) = [BH ].

Let α ∈ K(n)i(BG) and β ∈ K(n)j(BG). Recall that the intersec-
tion product α ∩ β ∈ K(n)i+j(BG) is defined by
α ∩ β = (λG)
−1
∗ ((λG)∗(α) ∪ (λG)∗(β)).
By Ku¨nneth theorem, α and β define an element α⊗β ∈ K(n)i+j(BG
2).
It is related to α ∩ β by the formula below.
Proposition 6.4. α ∩ β = ∆!(α⊗ β).
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Proof. By proposition 6.3 and definitions of λG and λG×G, we have the
commutative diagram
K(n)∗(BG)
(λG)∗
// K(n)−∗(BG)
K(n)∗(BG× BG)
∆!
OO
(λG×G)∗
// K(n)−∗(BG× BG)
∆∗
OO
K(n)∗(BG)⊗K(n)∗(BG)
∼=
OO
(λG)∗⊗(λG)∗
// K(n)−∗(BG)⊗K(n)−∗(BG)
∼=
OO
By the fact that the right vertical composite in the diagram defines cup
product, the formula we want to prove follows from the commutativity
of the diagram. 
Lemma 6.5. Let G be a finite group and i : H ⊂ G be a subgroup.
Then the composite
K(n)∗(BG)
i!
−→ K(n)∗(BH)
i∗−→ K(n)∗(BG)
sends α ∈ K(n)∗(BG) to i∗i
!(α) = α ∩ i∗([BH ]).
Proof. By taking K(n)-homology of (48) and applying proposition 6.4,
there is a commutative diagram
K(n)∗(BH)
i∗
// K(n)∗(BG)
K(n)∗(BH)×K(n)∗(BH)
∩H
OO
K(n)∗(BG)×K(n)∗(BH)
i!⊗1
OO
1×i∗
// K(n)∗(BG)×K(n)∗(BG)
∩G
OO
Here we add subscripts to ∩ to distinguish between the two intersection
products in K(n)∗(BG) and K(n)∗(BH). The commutative diagram
implies that
α ∩G i∗([BH ]) = i∗(i
!(α) ∩H [BH ]) = i∗i
!(α).

The intersection product formula [BH ] ∩ [BK] = [B(H ∩ K)] for
transverse subgroups H,K of G follows easily from the results above.
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Proof of theorem 1.7. By proposition 6.2, there is a commutative dia-
gram
K(n)∗(B(H ∩K))
p∗
// K(n)∗(BK)
K(n)∗(BH)
i∗
//
q!
OO
K(n)∗(BG)
j!
OO
Together with proposition 6.3 and lemma 6.5, the commutativity of
the diagram implies that
j∗p∗([B(H∩K)]) = j∗p∗q
!([BH ]) = j∗j
!i∗([BH ]) = i∗([BH ])∩j∗([BK]).

6.2. Cyclic groups. We will look at the K(n)-intersection product
of some simple cyclic p-groups. We first recall the computation of
K(n)∗(BZ/pk). Let S1 acts on C by θ · z = θp
k
z for θ ∈ S1 ⊂ C∗
and z ∈ C. The projection map of C induces a vector bundle γ :
ES1×S1C→ ES
1×S1 pt. By taking ES
1 to be S∞ with the standard S1-
action, γ is isomorphic to the pk-fold tensor product of the tautological
line bundle over CP∞. Since K(n) is a complex oriented cohomology
theory, K(n)∗(CP∞) = K(n)∗JxK. Using the fact that the p-series of
the formal group law forK(n) is [p](x) = vnx
pn , theK(n)-Euler class of
the vector bundle γ is [pk](x) = vmn x
pkn , where m = (pkn− 1)/(pn− 1).
Note that the sphere bundle of γ is BZ/pk. Hence, there is a Gysin
sequence
. . .→ K(n)∗−2(CP∞)
·vmn x
pkn
−−−−−→ K(n)∗(CP∞)→ K(n)∗(BG)→ . . . .
Multiplication by the Euler class vmn x
pkn gives a monomorphism from
K(n)∗(CP∞) ∼= K(n)∗JxK to itself . Hence,
K(n)∗(BG) = K(n)∗JxK/(vmn x
pkn) ∼= K(n)∗[x]/(xp
kn
),
which has a basis 1, x, x2, . . . xp
kn−1 as a free K(n)∗-module. Therefore,
the homology K(n)∗(BG) is a free K(n)∗-module with the dual basis
b0, b1, . . . , bpkn−1, where bi ∈ K(n)2i(BG).
The intersection product and K(n)-fundamental class of BZ/p is
given in the following proposition.
Proposition 6.6. For n = 1, the intersection product in K(1)∗(BZ/p)
is given by
bi ∩ bj =

v1bp−1 − v
2
1b0 if i = j = p− 1;
v1bi+j−(p−1) if 2p− 2 > i+ j ≥ p− 1;
0 if i+ j < p− 1.
POINCARE´ DUALITY IN MORAVA K-THEORY FOR ORBIFOLDS 33
The K(1)-fundamental class of BZ/p is v−11 bp−1 + b0 ∈ K(1)0(BZ/p).
For n ≥ 2, the intersection product in K(n)∗(BZ/p) is given by
bi ∩ bj =
{
vnbi+j−(pn−1) if i+ j ≥ p
n − 1;
0 if i+ j < pn − 1.
The K(n)-fundamental class of BZ/p is v−1n bpn−1 ∈ K(n)0(BZ/p).
Proof. Let G = Z/p and n be a positive integer. By proposition 6.4,
the intersection product in K(n)∗(BG) can be computed using the
transfer map ∆! : Σ∞BG2+ → Σ
∞BG+ induced by the diagonal map
∆ : G → G2. Let F denote the formal group law for K(n). Based on
a calculation of the transfer map MU∗(EG)→MU∗(BG) in complex
cobordism [13], it was shown in the proof of proposition 9.2 in [16] that
(∆!)∗ : K(n)∗(BG)→ K(n)∗(BG2) ∼= K(n)∗[x1, x2]/(x
pn
1 , x
pn
2 )
sends 1 to (∆!)∗(1) = vn(x1−F x2)
pn−1. By lemma 2.1 of [2], the formal
group law for K(n) is given by
x1 +F x2 = x1 + x2 − vn
p−1∑
i=1
1
p
(
p
i
)
x
i(pn−1)
1 x
(p−i)(pn−1)
2
+ terms of degree ≥ p2(n−1),
which can be expressed as
x1 + x2 − vn
(
(x1 + x2)
pn − xp
n
1 − x
pn
2
p
)
+ terms of degree ≥ p2(n−1).
It follows that
x1 −F x2 = x1 − x2 − vn
(
(x1 − x2)
pn − xp
n
1 − (−x2)
pn
p
)
+ terms of degree ≥ p2(n−1).
Since xp
n
1 = x
pn
2 = 0 ∈ K(n)
∗(BG2), any monomials of degree greater
than 2(pn − 1) in x1, x2 vanish in K(n)
∗(BG2). Hence
(∆!)∗(1) =vn(x1 −F x2)
pn−1
=vn(x1 − x2)
pn−1
− v2n(p
n − 1)(x1 − x2)
pn−2
(
(x1 − x2)
pn − xp
n
1 − (−x2)
pn
p
)
(49)
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Since
(
pn−1
i
)
≡ (−1)i (mod p), the first term of (49) is
vn
pn−1∑
i=0
(
pn − 1
i
)
xi1(−x2)
pn−1−i = vn
pn−1∑
i=0
xi1x
pn−1−i
2 .
The second term of (49) is homogeneous of degree 2pn−2 in x1, x2. The
only non-zero monomial of this degree in K(n)∗(BG2) is xp
n−1
1 x
pn−1
2 ,
which has coefficient
− v2n(p
n − 1)(−1)p
n−1
((
2pn − 2
pn − 1
)/
p
)
= −v2np
n−1
in (49). Hence,
(∆!)∗(1) =
{
v1
∑p−1
i=0 x
i
1x
p−1−i
2 − v
2
1x
p−1
1 x
p−1
2 if n = 1;
vn
∑pn−1
i=0 x
i
1x
pn−1−i
2 if n ≥ 2.
The cohomology ring K(n)∗(BG) can be regarded as a K(n)∗(BG2)-
module via the pullback ∆∗ : K(n)∗(BG2) → K(n)∗(BG). It is a fact
that with this module structure, (∆!)∗ : K(n)∗(BG)→ K(n)∗(BG2) is
a map of K(n)∗(BG2)-module. Hence, for 1 ≤ j ≤ pn − 1,
(∆!)∗(xj) = (∆!)∗(∆∗(xj1)) = x
j
1(∆
!)∗(1) = vn
pn−j−1∑
i=0
xj+i1 x
pn−1−i
2 .
The formulas of the intersection product in K(n)∗(BG) given in the
proposition follow from proposition 6.4 and the computations of (∆!)∗
above. The K(n)-fundamental class can be found by calculating the
unit in the intersection product. 
We next look at the intersection product in K(n)(BZ/p2).
Example 6.7. Let G = Z/p2. It has K(n)-cohomology K(n)∗(BG) ∼=
K(n)∗[x]/(xp
2n
). The diagonal map ∆ : G → G2 induces a transfer
map (∆!)∗ : K(n)∗(BG) → K(n)∗(BG2) ∼= K(n)∗[x1, x2]/(x
p2n
1 , x
p2n
2 ).
For any 0 ≤ α, β, γ ≤ p2n − 1 with α + β ≥ p2n,
xα1x
β
2 (∆
!)∗(xγ) = (∆!)∗(∆∗(xα1x
β
2 )x
γ) = (∆!)∗(xα+β+γ) = 0.
It implies that when expressing (∆!)∗(xi) as a linear combination of the
K(n)∗-basis xi1x
j
2, 0 ≤ i, j ≤ p
2n− 1, of K(n)∗(BG2), the coefficients of
those xi1x
j
2 with i + j ≤ p
2n − 2 are zero. Hence, by proposition 6.4,
for bi, bj ∈ K(n)∗(BG) with i + j ≤ p
2n − 2, the intersection product
bi ∩ bj = 0.
Let H = Z/p. By proposition 6.6, the K(n)-fundamental class of
BH is a linear combination of b0 and v
−1
n bpn−1 ∈ K(n)0(BH). Denote
by [BH ] its image in K(n)0(BG) induced by the standard inclusion i :
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H → G. By our computation above, [BH ] ∩ [BH ] = 0 in K(n)0(BG).
Geometrically, the vanishing of [BH ] ∩ [BH ] can be explained by the
following pullback diagram∐
pBH
//

BH
i

BH
i
// BG.
The pullback BH ×BG BH =
∐
pBH is the disjoint union of p copies
of BH . The intersection product [BH ]∩ [BH ] is equal to the image of
the K(n)-fundamental class of
∐
pBH in K(n)∗(BG). However, since
[
∐
pBH ] = p[BH ], it is equal to zero in K(n)∗(BG).
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